The dynamics of an electret-based, capacitive, vibration-to-electric micro-converter (energy scavenger) is described by a set of ODEs where a second-order equation is coupled to two first-order equations through strongly-nonlinear terms. The nonlinear regimes of forced oscillations are analyzed with a semi-analytical approach, finding that the system exhibits features typical of Duffing-like nonlinear oscillators, such as jumps and multivalued frequency-response curves, with both stable and unstable periodic solutions. It is also proved that, for appropriate combinations of parameters, the system acts as a linear, damped oscillator, independently of the oscillation amplitude: in this case, the nonlinear coupling term reduces to a viscous-like term, physically interpretable as electromechanical damping.
Introduction
Thanks to the recent developments in microtechnology, research on microelectromechanical systems (MEMS) has gained relevant importance in the last years when new microdevices have been continuously envisaged and proposed for a great variety of applications (such as chemical and mass sensors [1] , infrared/optic detectors and cameras [2] , accelerometers [3] , filters [4] and optical switches [5] ). These systems are generally composed by microscopic moving masses coupled electromechanically to appropriate electric circuitries and are often embedded in electronic integrated circuits. The detailed dynamical analysis of a MEMS device is, in general, difficult, as it may involve complex PDE problems and require heavy computer simulations (for instance, three-dimensional, time-dependent structural analysis). Nevertheless, there exist situations in which the dynamical behavior of a given device is described efficiently by lumped-parameter models where standard equations for electrical circuits couple with the equation of motion of some moving masses. The form and complexity of such dynamical models depend highly on the specific type of electromechanical coupling (examples being piezoelectric, inductive, and capacitive couplings).
The system analyzed here is a MEMS-based, capacitive energy scavenger, which is capable of extracting electric power (in the microwatt range) from ambient vibration, through mechanical-to-electrical capacitive conversion (energy scavenging, cf. [6] [7] [8] [9] [10] [11] [12] [13] [14] , is a promising strategy to powering autonomous, microdevices such as lowconsumption microsensors and microtransponders). The system is composed of a mechanical resonator (oscillating mass) and two symmetrical variable capacitors, connected in such a way that oscillations of the mass, driven by external vibrations, cause electric currents to flow between the two variable capacitors and through a load (which absorbs power). The electrical charge on the capacitors is provided by an electret (a permanently-polarized dielectric layer such as the ones used for microphones). A description of the system, with schematics, is reported in Appendix, along with a deduction of the dynamical model. In nondimensional units, the dynamics of the converter is described by the following set of ODEs in the variables q 1 , q 2 , and x:
The dimensionless parameters Ω , α, and η depend on the geometrical and physical features of the device. In the present analysis, typical values for α and η (α ∼ 1-10, η ∼ 0.01-0.1) are assumed, and only the characteristic frequency, Ω , is considered as a free parameter, other than the excitation frequency, ω, and amplitude, A.
Elementary properties of the solution

Symmetry
The symmetry in the device (cf. Appendix) implies that any asymptotic (t → ∞) solution of Eq. (1) is a periodic function, satisfying the following symmetry properties:
where T = 2π/ω is the period; in terms of the corresponding Fourier coefficients, q 1,m , q 2,m {x m }, the symmetry properties read
where m is the index for the Fourier harmonics. This is readily proved by noticing that Eqs. (1) are invariant with respect to the following change of coordinates:
Energy balance
From Eqs. (1) one can readily write the energy balance of the converter [14] in the form
where
is the energy of the system (electrostatic plus mechanical), whilst the two terms on the right hand side represent the power of the vibration source and the electric power dissipated by the load. Hence, the mean converted power, in asymptotic regime (t → ∞), is given bȳ
where the subscript T indicates the time span for the integral.
Linear regimes
In general, the precise evaluation of the output power,P, requires the numerical solution of Eqs. (1), even though situations exist where an explicit, analytic determination ofP is possible: one obvious example is the case of small oscillations, namely |x| 1 and q 1,2 1. In this case, by linearizing Eqs.
(1) about its stationary solution in absence of excitation (q 1 = q 2 = 0, x = 0), one obtains the following set of linear ODEs:
where Q = q 1 + q 2 and q = (q 1 − q 2 )/2. The equation for Q is independent of the others and it just describes the exponential charge transient for the electret capacitance [14] , so, as long as one is interested in the asymptotic solution, Q = 0 can be assumed. The remaining set of equations in q and x can be solved analytically, yieldinḡ
Despite their limited range of validity [14] , Eqs. (8) and (9) illustrate a peculiar feature of the system, consisting in a shift in the frequency of maximum response, ω * , which moves from 1 (the mechanical resonance frequency) to √ 1 + 2η, when passing from low to high values of ω/Ω [13] . However, when the system is driven with frequency ω much smaller than Ω , i.e. when the electric circuit is assumed to respond almost instantaneously to variations of x, a different analytical solution can be found, which is valid even for large oscillation amplitudes and large charge variations. In fact, for ω Ω , a perturbative expansion can be carried out, using ε = ω/Ω as perturbation parameter. To this purpose, the variables q 1 and q 2 are written as
and the first two equations of system (1) as
Then, assuming x as known, a perturbative solution of Eqs. (11) is given in the form
This way, the nonlinear term
appearing in Eqs. (1), can be written as F = ∞ n=0 ε n F (n) and the dynamical system reduces to a single equation in the form
with
By truncating the expansion to N th order in ε, one gets successive approximations for q 1 , q 2 , and
= 0 (which means there is no electromechanical coupling at zeroth order in ω/Ω ) and Eq. (14) trivially reduces to
For N = 1,
and Eq. (14) becomes
It is worth stressing that Eq. (18) is still linear, the only difference from the case N = 0 being the presence of the linear damping term −2(η/Ω )dx/dt. Thus, to first order in ε, Eqs. (1) can be replaced by the equation of a linear damped oscillator, independently of the oscillation amplitude. From the asymptotic solution of Eq. (18), the mean converted power is readily calculated, by means of Eq. (7), as
This expression differs from that in Eq. (9) only for terms proportional to (ω/Ω ) 2 , while its leading term (proportional to ω/Ω ) coincides with the leading term in (9) . Hence, for small values of ω/Ω , the system behaves linearly by its very nature and both approximations, (8) and (18), are valid, with results almost identical. Obviously, Eqs. (18) and (19) might be derived also by applying the same perturbative analysis to the linearized equations (8) , but in that case one could not infer their validity for large oscillation amplitudes.
When N = 2, the second-order corrections to q 1 , q 2 , and F, 
must be added to the expressions (17) and the equation of motion takes the form
Eq. (21) contains a nonlinear dissipative term plus a nonlinear correction to the coefficient of d 2 x/dt 2 : the equation clearly represents a meaningful approximation to the original problem provided that η/Ω 2 1 (otherwise the equation may no longer admit periodic solutions). The error in calculating F, induced by truncation to first and second order in ε, is analyzed for the case in which x presents a sinusoidal behavior, x = X sin(ωt), and with α = 1. Fig. 1 shows the dependence of the average relative error (in L 2 norm) on ε and X .
Nonlinear regimes
Multiple solutions and jumps
Numerical solutions of Eqs. (1), for selections of parameters which are interesting in applications to energy scavenging, showed that higher electromechanical couplings, as well as a higher conversion efficiency, are obtained when ω Ω . In this situation, the dynamics of the system exhibits features typical of nonlinear oscillators, such as jumps and hysteresis [16] . Fig. 2 shows the mean converted power,P, in the asymptotic regime, as a function of the driving frequency, compared to the power spectrum predicted by the linear model (8) oscillation amplitudes. Fig. 3 shows the envelope of the function y = x(t) for two values of ω extremely close to ω * : ω * − = (1 − 0.25 × 10 −5 )ω * and ω * + = (1 + 0.25 × 10 −5 )ω * . The transient part of the solution is almost identical in the two cases, leading to a well-defined plateau in the oscillation amplitude; after this phase, the two solutions differ dramatically, evolving towards completely different asymptotic oscillating regimes. These results suggest the coexistence of three asymptotic solutions with different stability properties: a low-amplitude and a high-amplitude stable solution, plus a mid-amplitude unstable solution.
In order to verify the actual presence of multiple solutions for frequencies close to the jump frequency, ω * , the nonlinear terms in Eqs. (1) have been approximated to third order in the variables q 1 , q 2 , x, and periodic solutions have been sought in the form The Fourier coefficients, {q j,m } and {x m }, have been determined by solving the following system of nonlinear algebraic equations:
where the symmetry properties (3) have been used to reduce the number of variables and simplify the equations. Fig. 4 shows the X 1 − ω (with X 1 = √ x 1 x −1 ) frequency-response curves obtained from Eqs. (23), for different excitation amplitudes, and with the same values of Ω , α, and η used for the case of Figs. 2 and 3. When increasing the excitation amplitude, the curve bends to the right, until (starting from the excitation amplitude A = 0.25) it becomes multivalued, causing the occurrence of jump phenomena. As for any Duffing-like nonlinear oscillator, jumps are due to the sudden disappearance of a branch of the frequency-response curve, when reaching the upper or lower bound of the multi-valued band. Fig. 4 also reveals the hardening nature of the nonlinear terms [16] .
Stability properties of the solutions
In order to investigate the stability properties of the solutions, a different, semi-analytical approach is used, where the actual form of the nonlinear terms is considered, instead of their third-order approximation. As in asymptotic regime x and F are periodic functions of t, with frequency ω, the third equation of (1) can be regarded as the equation of a forced oscillator. By resorting to the fact that multiple solutions exist only in a narrow band close to the primary resonance, where ω 1, the m = 1 Fourier modes of x can be considered as predominant over all other modes (m = 3, 5, 7, . . .) and x(t) can be assumed to be purely sinusoidal, i.e. x(t) X sin(ωt + ϕ). The numerical solution of the following system, allows to compute the asymptotic form of q 1 , q 2 , and F(q 1 , q 2 , X sin (ωt)). Though, in general, F will not be sinusoidal, only its m = 1 Fourier modes contribute significantly to the asymptotic form of x. Hence, by denoting the projections of F on sin(ωt) and cos(ωt) with F (X, ω) and F ⊥ (X, ω), respectively, the equation for x can be written as
This also means that x(t) can be regarded as the asymptotic solution of
Therefore, within the current approximation (x purely sinusoidal), the electromechanical coupling term has a twofold physical effect: shifting the natural frequency and providing a viscous-like damping.
From Eq. (25) follows immediately that the condition for x to be an asymptotic solution of (26) is that X and ϕ be solutions of
In particular, the oscillation amplitude, X , must satisfy
which is the frequency-response equation [16] of the system. Eq. (28) has three zeros, corresponding to low-, mid-, and high-amplitude solutions: the mid-amplitude solutions differ from the others, for they lie in a region where ∂ Q/∂ X < 0. The sign of ∂ Q/∂ X proves crucial in discriminating between stable and unstable solutions.
The stability properties of the solutions is analyzed by assuming X and ϕ to vary slowly in time, i.e. with characteristic time scale, τ , such that τ 1/ω. In this way, by repeating the same procedure used to deduce Eq. (27), and neglecting terms of order (ωτ ) −2 , one obtains
Now, starting from an equilibrium solution, (X 0 , ϕ 0 ), setting X (t) = X 0 + δ X (t) and ϕ(t) = ϕ 0 + δϕ(t), and linearizing about (X 0 , ϕ 0 ) one obtains
The stability of the asymptotic solution x 0 (t) = X 0 sin(ωt + ϕ 0 ) can now be inferred from the sign of the real part of the eigenvalues of the matrix
By recalling that A sin(ϕ 0 ) = ηF ⊥ (X 0 , ω), the characteristic equation defining the eigenvalues, λ 1,2 , is written as
If one assumes the term between square brackets to be negative (which is reasonable as F ⊥ / X 0 represents a viscous-like damping term), λ 1,2 will both have positive real part if and only if ∂ Q/∂ X is positive in X = X 0 . This proves the mid-amplitude solutions in Fig. 5 are unstable.
Conclusions
The linear and nonlinear forced oscillatory regimes of a MEMS, electret-based, capacitive energy scavenger have been analyzed. A perturbative approach has shown that particular regions in the space of the parameters defining the dynamical model exist where the system behaves as linear, independently of the oscillation amplitude. In that case, the original set of nonlinear ODEs that governs the dynamics can be replaced by the single equation of a linear forced oscillator, where the nonlinear term describing the electromechanical coupling has reduced to a linear, viscous-like damping term. On the contrary, for a generic combination of parameters, the system can exhibit a strong nonlinear behavior, in particular when the excitation frequency is close to the primary resonance of the system. In such conditions, when increasing the excitation amplitude, the frequency-response curve of the system bends on itself until it becomes multivalued, causing jump phenomena to occur. The stability properties of the solutions have been investigated using a semi-analytical approach, finding that mid-amplitude solutions are unstable, while low-and highamplitude solutions are stable. the resonating mass oscillates, C 1 and C 2 vary and electric charge flows back and forth between C 1 , C 2 , and C el . At the same time, an electrostatic force, F, acts on the resonating mass, which opposes to variations of the electrostatic energy stored on C 1 and C 2 . Using C 1 (x) = C 0 (1 − x/ h) and C 2 (x) = C 0 (1 + x/ h), the force is expressed in terms of the spatial derivative of the electrostatic potential energy as 
being Q 1 and Q 2 the electric charge on C 1 and C 2 . A closed set of equations is finally obtained by coupling Newton's equation of motion for the resonating mass to the equations for Q 1 and Q 2 (Kirchhoff's laws), and reads
where R is the load resistance and k the elastic constant of the resonating mass. Eqs. (35) can be put in the nondimensional form (1), by using q 1 = Q 1 − Q 0 and q 2 = Q 2 − q 0 in lieu of Q 1 and Q 2 , and then switching to nondimensional variables, by adopting the inverse of the mechanical resonance frequency (ω −1 M = √ M/k), Q 0 , and h as units for time, charge, and length, respectively. During this process, the following nondimensional parameters are defined:
Finally, the mean converted power in Watts is given by C 0 V 2 0 ω MP , beingP the nondimensional output power of Eq. (7).
